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© Motivation
@ Origins and Interests
@ Definitions
@ The symmetric group
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Historical Context and Motivation

e Representation theory.
e Late 19th century.
e Schur-Weyl duality (early 20th century).

e Generalization through a recent theory (late 20th century to present) : the fused Hecke
algebras.

e Constructing irreducible representations of GL(V) using those of the symmetric group.

o Decomposing V&K k=3.
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Definitions

Let o/ an (unital) algebra over C.

Definition

A representation of o/ is the data of (V,p) such that :
e V is a C-vector space.
e p:of — Endc(V) is an algebra morphism, i.e. a linear application such that :

Va,beol, p(a.b)=p(a)op(b),

p(le) =Idy.

Examples :
e p:of — Endc(V), a— Idy ~ trivial representation.
e p:of/ — Endc(«f), a— (b— a.b) ~> regular representation.

Definition

A representation (p, V) of «f is called irreducible if :

Oy}#WceV st p(of)(W)sW=W=V.

Example : A one-dimensional representation.
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Symmetric group algebra

Definition

The symmetric group algebra CS,, is the algebra with :
e Basis indexed by &, i.e. {eglges,-

e Multiplication is the group multiplication, i.e. :

Vg, heS&,, eger= €gf -

Example :n=3: CG3 = Vect({l,e(l 2),6(2 3),6(1 3),8(1 2 3), e(l 3 2)})

dim(C&3) =6.
€12 3)€(23) = €1 2)
Remarks :
e dim(C&,)=I6ul=n!.
°

{Representations of &} 1«—>1 {Representations of C&,}.

{Irreducibles of &} 1<—i {Irreducibles of C&p}.

e A representation of CSj, is a direct sum of irreducible ones.~~ C&, is semisimple.
~> understanding of Irr(C&p)=understanding of CS.
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Representation theory

Let neZ.y.

Definition

A partition of n is a sequence A:=(Aq,...,Ap) such that A =---=Ay=1and A3 +---+Ap=n.

Examples :
e n=3:(3), (2,1) and (1,1,1).
e n=4:(4), (31), (2,2), (2,1,1) and (1,1,1,1).

A complete set of pairwise non-isomorphic irreducible representations of C&,, is indexed by the
partitions of n, i.e. :

Irr(C&p) ={V) | AF n}.

Examples :
e n=3: 3 irreducible representations.

e n=4:5 irreducible representations.
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© Schur-Weyl Duality
o Commutant of a subset
@ Schur-Weyl duality
o Extension of the duality
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Commutant of a subset

Let P e M,(C).
Comm(P) =M € Mp(C) | [P, M] = PM~MP =0}.

Example :
(A1) | O 0 A1 | O 0
P= 0 0 ~wMeComm(Pye M= o . | 4
0 0 | (Ap) 0 0 | Ap

~» The commutant Comm(P) "knows" about the multiplicities.
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Commutant of a subset

Let S=(Ny,..., Ny
Comm(S)={MeMn(C)|Vi=1,...,¢, [N;, M] =0}

Example : S a commutative set of diagonalizable matrices.
S is a complete set & Comm(S) is commutative.

~» commutant "knows" about completeness. ~» provides a way to complete the set.
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Commutant of a subset

(V,p) representation of o ~> p:ef — Mp(C).

Comm(p(s?)):={Me Mu(C)|Vaest, [p(a), M]=0}.

Lemma (Schur’s lemma)

(V,p) is irreducible & Comm(p(<#)) ={Aldy, AeC}.

e One-multiplicity :

mj=1forall i=1,...,p< Comm(p(/)) is commutative.

e More generally :
Comm(p(£)) = Mmy (C)&---& Mm, (C).

~ Comm(p(<Z)) "knows" the multiplicities.
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Commutant of a subset

~ &M ®mp
V=V & ... & V,
=VieM; e .. & VpeM,
From the point of view of < : From the point of view of Comm(p(<?)) :
edim(My) adim(Mp)
V=V % . . .
1 P Ve Mfdlm(vl) s ... @ V;sdum(vp).

Multiplicities for & = Dimensions for Comm(p(/)).
Multiplicities for Comm(p(«Z)) = Dimensions for .
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Schur-Weyl duality

pr: GL(V) — End(V®k)
Vv ®k . Vv ®k
€ ’_) { V1®...8V, — gv1®...88V|

o: G — End(V®k)

Definition

Comm(S) ={xe End(V)|xos=sox VseS}.

of < End(V®K) a semisimple algebra, % := Comm(f).

Kk, odim(U;)
@ vedmU;
-1

I

ok _ k sBdim(V,-)
v = @turemt)
i=

vek = rvieu,.
i=1
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Schur-Weyl duality

6y & End(veK) 2L caL(v)

Let of :=0,(CSy), B:=p,(CGL(V)).

Theorem (Schur)

o = Comm(%B) and B = Comm(<).

Theorem (Schur-Weyl duality)

k
® V= @ Vﬂ, ® §7L( V).
AePy
£(A)=dim(V)
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Extension of the duality

Let neZxq, k=(k1,...,kn) and N:=X7 , k;. Let Py , (idempotent in C& ).

Definition

For neZ5q and k=(kqi,ko,...,kn) € (Z>1)", we define the algebra :

Jfbn(l) = PK,,., -COp - PK,"'

o p
Hon(1) =2 End( nSymkf(V)) LN eGL(v)
=1

i=

Set o := 0 (#1n(1)) and B :=py n (CGL(V)).

Comm(f) =% and Comm(B) = .

Theorem (Extension of Schur-Weyl duality)

R"symki(vy= D Sy (V)e W,.
i=1 —_—

€ n
[(A)Sdikny](v)CGL(V)@HK,H(].)*mOdme
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Plan

© Classical Results
@ A Fundamental Theorem
@ Examples
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Classical Results

Theorem (Artin-Wedderburn, 1907)

Finite-dimensional semi-simple algebras are finite direct sums of algebras of the form End(V),
where V is a finite-dimensional vector space. Hence, we have an algebra isomorphism :

®:of — P End(V?)
AeA

where A is a finite set.

Example : Algebra of a finite group.

Let A be a finite-dimensional semi-simple algebra. Then we have :

dim(s#) = Y. dim(V*)2,
AeA

Corollary (Dimension of the center)

dim(Z(«)) = Al
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The symmetric group algebra :

e n=3:C63=C%2 0 My(C).

o n=4:C6,4=C%2 e My (C)o Ms3(C)®2.

e n=5:C65=C%2 e M,(C)°2 e M5 (C)®2 e Mg(C).
The algebra 7 (1) :

The algebra # (1) := Py nCS Py, is semisimple.

e n=2, any ke (N*)2 : Jsz(l)EC“’N, NeN*.
o n=3, k=(222) : #3(1)=C** G M,(C)*?> @ M3(C).
o n=4, k=(2,2,2,2) : #4(1)=C*3 @ My(C) D M3(C)®° B Mg (C)®3 @ M7(C) ® M3 (C).
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© Fused Permutation Algebra
@ Definition and Examples
o Link with the Schur-Weyl duality
@ Main questions
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Fused Permutations Algebra

Examples :
e n=3, k=(2,1,1). 6 possibilities :

[I1 P KT

(L,1,2 (11,35,{1},12}) (11,23,{23,3})

e neN*, k=(1,1,...,1). Fused permutation «~ Permutation.
e n=3, k=(2,2,2). 21 diagrams :

[IT - KWI M

(11,13,12,2},13,3}) (11,23,11,2,43,3}) (11,23,42,31,4
,11,3}4,12,3}) (12,31,{1,31,4
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Fused Permutations Algebra

Définition
Fused Permutations Algebra (FPA) (Hy ,(1),+,-) :
e Vector space : Basis indexed by the fused permutations.
e Multiplication : Cf. Example.
Let d,d’ 2 fused permutations.
e (Concatenation) We place the diagram of d on top of the diagram of d’ by identifying the
bottom ellipses of d with the top ellipses of d’.
e (Removal of middle ellipses) For each a€{l,...,n}, there are k, edges arriving and k, edges
leaving the a-th ellipse in the middle row. So for each a€{l,...,n}, we delete the a-th ellipse in the
middle row and sum over all possibilities of connecting the k; edges arriving at it to the k; edges

leaving from it (at the a-th edge, there are thus k,! possibilities).
e (Normalisation) We divide the resulting sum by kq!...kp!.

v

Example : n=4, k=(1,1,1,1) :
e | S S L;Z LY
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Fused Permutations Algebra

Examples :
e n=3,k=(321):
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Link with the Schur-Weyl duality

The algebras # (1) := P ,CS Py, and Hy (1) are isomorphic as algebras.

H: o n(1)  —  Hgn(l)

~~ isomorphism of algebras.
Pk,n‘”PK,n — [w]

Example : n=3 and k=(3,1,1). Let 0= i g i g g
w(i)
€6341+41-
i
H(Py,nw Py n) = [0] = €Hi211)3

Chain of algebras as n varies :
C= HK,O(I) c Hg,l(l) c HK,2(1) c---C HK,n(l) c Hk,n+1(1) c-
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o Generators of Hy ,?
e Canonical basis for the chain (Hy )p=0? For the center?

e Presentation by generators and relations ?

TOO HARD IN GENERAL!

~~ particular cases for the sequences k.
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@ The One-Boundary Case
@ Cyclotomic Degenerate Affine Hecke Algebra (CDAHA)
@ Connection with the Fused Permutation Algebra
o Canonical basis
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CDAHA

Let neZ.q. Fix a pair x = (k1,x0) € C2.

Definition

The cyclotomic degenerate affine Hecke algebra (CDAHA) with cyclotomic parameter « is the
unital associative algebra 72X generated by x1,x,...,xn (Jucys-Murphy elements), s,...,5,_1
(Coxeter elements), subject to the following relations :
(1 —x1)(x1 —x2) =0,
x1Sp=spxy for €=2,...,n-1,
XyXt =Xtxy, u,t=1,...,n,
Xpy1 =SeXeSr+se, r=1,...,n-1,
s2=1 for k=1,..,n-1,

S,'SJ'ZSJ'S,' if \I'—_j| >1,

SkSk+1Sk =Sk+1SkSk+1 for k=1,...,n—2.

Theorem (H, M, 2014)

Let x = (0,k+1). The algebra % is semisimple if and only if n< k+1.
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Connection with the FPA

Let k=(k1,...,1), keZs1.
Examples of diagrams in H; (1) :

Hy,n(1) is a quotient of S for k= (0,k+1).

(7 J/ﬁn( - Hﬁ,n(l)
x1 — t:=1+kog,
Si —_— agj, i:1,...,n—1.
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Connection with the FPA

Let n< k. We set :
Parp(n) :={A=(A1,A2) [ |A1]+]A2] = n}.

Example : n=2: Pary(2) ={((2),2),((1,1),2),((1),(1)).(2,(1,1)),(2,(2))}-

Proposition

Irr (765 = (Vrre Pary(n)}.

From Artin-Wedderburn theorem :

K= @ End(VH).
A€Pary(n)

There exists a subset S < Parp(n) such that, for n<k, we have :

Hyn(1) EAQBSEnd(VA).

Questions :
e Which sets have to be removed ? What is exactly the subset S c Parp(n)?
e What is the kernel of the surjective map ¢ : 7% — Hi,n(1)7?
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Bratelli diagram

(2,8) n=0
—
(o,9) (gO) n=1

@e) @) (@o (sm) (3g n-2
\\
[@me) F.2) (ﬁvqj) (mo) (o) @E@m) @ (eom) (o) (QE) n=3

@@9) @9) {2 @0 @0 @@ @) om) (5@ (op)

4 \
3,1,1)3! Va2
\

1
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Result and Conjecture

Let neZ5q and p=0. Let x=(0,n+p+1).

Theorem (D., 2025)

A presentation by generators and relations of Hpip (1) is given by :

e Generators : X1,...,Xp,S1,--+)Sp—1-
e Relations :
@ Defining relations of the CDAHA.
© (x151)? =x1s1x1—x151+x1
In particular, Hp,n(1) = Hp+p,n(1).

What about k=n-17

Theorem (D., 2025)

A presentation by generators and relations of H,,;L,,(l) is given by :

e Generators : X1,...,Xn,S1,--+»Sp—1-

e Relations :
@ Defining relations of the CDAHA.
© (x151)? =x1s1x1—x151+x1-
© Eo.o, ¢)=0-
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Canonical basis

Consider the following product of sets :

1,
1, Sn-1»
1, so, .
{ 1 } st ) 251, Sy 1...51x1
e SIXL
X1 S1X1, 5251X1, Sp_1...51X15]
s1x151 $251X151, n=t ’
5251X15152
Sp_1---S1X151---Sp—1

~~ basis set of . In particular, dim(ZX) =2"n!.

Definition

The signed permutations group B, is the group of permutations o of
{-n,—(n-1),...,-1,1,...,n—1,n} such that a(-i)=-0(i), i=1,...,n.

o~ by...bp, bj€ {1,1...,n,ﬁ}.
-3 -2 -1 1 2 3

Example : n=3: 213 «~ 3 -1 2 -2 1 =3
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Canonical basis

Generators of B : 7, where tg=(-11) and 7;=(i i+1), i=1,...,n-1.

1,
1, Tn-1»
1, 72, :
1, 71, 271, ’
B"_{ 70 } 170, T2T17Q, fr=1--T170,
. Tp-1---T17071,
17071 72717071,
T2T1TQT172 :
Tp-1---T17071.--Tp-1

~ 76X has a basis indexed by elements of B,,.
Consequence : A basis of Hy , is given by a subset of the images of basis elements of J?,’,( under

the surjective morphism ¢ : FX — H
Question : What is the subset of Bn that index the basis of Hy ,7
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Canonical basis

Definition

We define the subset Bp(12,k+1...1) of B, as the set of words with no increasing sequence of
barred numbers and at most k barred integers.

Example :

e 261345¢ B3(12).

e 254136 € Bg(12,4321) but is not in Bg(12,321).
We have the following identity :

Remark : |B,(12,k+1...1)| = dim(H ).

Theorem (D. 2025)

Hy,n has a basis indexed by the set Bn(12,k+1...1).
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Plan

@ Conclusion
o Goals for the Future
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Goals for the Future

Short-term goals :

e Canonical basis for the chains of algebras (Hy ;(1))n>1 and (Z(Hy,n(1)))n=1, when
k=(k k..., k).

e Study of Jucys-Murphy elements for (Hy (1))p>1-
Long-term goals :

e Generalize to an arbitrary k.

e Understand the centralizer E”dGL(V)(®7:1 Symki(V)) =0 n(Hg,n(1)) as a quotient of
H,n(1).
e Applications.
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Thank you for your attention!

DEMESMAY Yoann (LMR URCA) Young Researcher Seminar 11/02/2026 35 /36



References

B

) & & & Y E

Y. Demesmay, Fused permutations algebras and degenerate affine Hecke algebra, 2025,
arXiv:2512.15272.

R. Goodman, N. Wallach, Symmetry, Representations and Invariants, Springer, 2009.

A. Kleshchev, Linear and projective representations of symmetric groups, Cambridge
University Press, 2005.

J. Hu, A. Mathas, Seminormal forms and cyclotomic quiver Hecke algebras of type A, 2014,
arXiv:1304.0906.

L. Poulain d'Andecy, Centralisers and Hecke algebras in Representation Theory, with
applications to Knots and Physics, 2023, arXiv:2304.00850.

N. Crampé, L. Poulain d'Andecy, Fused braids and centralisers of tensor representations of
Uq(gly). Algebr. Represent. Theor. 2022, arXiv:2001.11372.

M. Zaimi, L. Poulain d'Andecy, Fused Hecke algebra and one-boundary algebras, Pacific
Journal of Mathematics, 2023, arXiv:2306.10937.

M. Geick, G. Pfeiffer, Characters of finite Coxeter groups and Iwahori-Hecke Algebras,
Clarendon Press, Oxford, 2000.

@ A.l. Molev, On the fusion procedure for the symmetric group, 2006, arXiv:math/0612207v5.

DEMESMAY Yoann (LMR URCA) Young Researcher Seminar 11/02/2026 36 /36


https://arxiv.org/abs/2512.15272
https://arxiv.org/pdf/1304.0906
https://arxiv.org/abs/2304.00850
https://arxiv.org/abs/2001.11372
https://arxiv.org/abs/2306.10937
https://arxiv.org/abs/math/0612207v5

	Motivation
	Origins and Interests
	Definitions
	The symmetric group

	Schur-Weyl Duality
	Commutant of a subset
	Schur-Weyl duality
	Extension of the duality

	Classical Results
	A Fundamental Theorem
	Examples

	Fused Permutation Algebra
	Definition and Examples
	Link with the Schur-Weyl duality
	Main questions

	The One-Boundary Case
	Cyclotomic Degenerate Affine Hecke Algebra (CDAHA)
	Connection with the Fused Permutation Algebra
	Canonical basis

	Conclusion
	Goals for the Future


