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The classical Schur-Weyl duality and one of its generalizations
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The algebra Hk,n

The fused permutations algebra Hk,n is defined as:

• Diagrams as basis elements: the fused permutations.

Example for n = 3 and k = (2, 1, 1):

({1, 1}, {2}, {3}) ({1, 3}, {1}, {2}) ({1, 2}, {2}, {3})

({2, 3}, {1}, {1}) ({1, 2}, {3}, {1}) ({1, 3}, {2}, {1})

.

• Multiplication: Generalization of the one of the symmetric group al-
gebra by summing over all possibilites on the edges and then renor-
malization.

Example:

= 1
2

(
+

)
.

Representation theory
Irr(Hk,n) = {Wk,λ | λ ⊢ |k|, kord ≤ λ}.

Artin-Wedderburn theorem:

Hk,n
∼=
⊕

End(Wk,λ).

Example for k = (2, 1, 1):

H(2,1,1),3
∼= End(W(2,1,1),(4))⊕ End(W(2,1,1),(3,1))⊕ End(W(2,1,1),(2,2)).

Link with the Kostka numbers
Basis of each irreducible representation Wk,λ is indexed by the semistan-
dard tableaux of shape λ and weight k.
In particular, dim(Wk,λ) = Kλ,k.
The following identity holds:

dim(Hk,n) =
∑
λ⊢|k|

K2
λ,k.

Example for k = (2, 1, 1): dim(W(2,1,1),(3,1)) = K(3,1),(2,1,1) = 2.

SSTab((3, 1), (2, 1, 1)) =

 1 1 2

3
, 1 1 3

2

 .

One-boundary case k = (k, 1, 1, . . . , 1).
Generators of H(k,1,...,1),n:

1 := k

1

. . .

n − 1

,

σi :=
k

1

. . .

i − 1 i i + 1 i + 2

. . .

n − 1

, i = 1, . . . , n− 2,

σ0 :=
k−1

1 2

. . .

n − 1

.

Bratelli diagram
(for k = (3, 1, . . . , 1))
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Connection with the affine Hecke algebra
There exists an algebra called the cyclotomic degenerate affine Hecke
algebra of level 2, that is denoted Ĥ(0,k+1)

n−1 (see [2]), and a surjective
map from Ĥ(0,k+1)

n−1 to H(k,1,...,1),n:

φ : Ĥ(0,k+1)
n−1 ↠ H(k,1,...,1).

Moreover, the kernel of φ is well-known (see [1]).

Consequence on the Schur-Weyl duality
The kernel of the surjective map

σ : Hk,n ↠ EndCGL(V )

(
n⊗

i=1

End(SkiV )

)

is generated by the images of well-known idempotents of Ĥ(0,k+1)
n−1 under

the isomorphism deduced from φ (see [?]).

Indexation of a basis
There exists a basis for H(k,1,...,1),n indexed by the set of elements of the
form b1 . . . bn−1, bi ∈ {1, 1, . . . , n − 1, n− 1} with at most k barred inte-
gers and no increasing sequence of the latter. In particular, the following
identity holds (see [1],PZ):

dim
(
H(k,1,...,1),n)

)
=

min(k,n−1)∑
i=0

(
n− 1

i

)2

(n− 1− i)!.
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